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Abstract
The discrete subgroup ∆(27) of SU(3) has the interesting multiplication rule 3×3 =
3¯ + 3¯ + 3¯, which is used to obtain near tribimaximal neutrino mixing. Using present
neutrino oscillation data as input, this model predicts that the effective mass mee
measured in neutrinoless double beta decay will be 0.14 eV.
The non-Abelian discrete subgroup ∆(12) of SU(3) [1], more familiarly known as A4
[2, 3], has been shown to be useful [4, 5, 6, 7, 8] for obtaining the tribimaximal mixing [9] of
neutrinos, in good agreement [10] with present data. In the basis where the charged-lepton
mass matrixMl is diagonal, the Majorana neutrino mass matrix is given by [4]
Mν =


x+ y + z −x −x
−x y z
−x z y

 (1)
which is form diagonal, i.e. it is diagonalized by
U3 =


√
2/3
√
1/3 0
−
√
1/6
√
1/3 −
√
1/2
−
√
1/6
√
1/3
√
1/2

 , (2)
independent of its three mass eigenvalues
m1 = 2x+ y + z, m2 = −x+ y + z, m3 = y − z. (3)
Since the values of x, y, z are arbitrary, neutrino masses are not predicted in such a scheme.
[However, they can be restricted in two special cases: (A) y = 2x [5], and (B) (x + y)2 =
(2x− y)(x+ z) [6].]
In this paper, using the discrete group ∆(27) [11, 12, 13] which is next in the sequence
of ∆(3n2) subgroups of SU(3), it will be shown that Mν deviates slightly from Eq. (1)
such that the change of tan2 θ12 from 0.5 to 0.45 allows the prediction of mee = 0.14 eV for
the effective neutrino mass in neutrinoless double beta decay, a value accessible in the next
generation of such experiments [14].
The non-Abelian discrete group ∆(27) has 27 elements divided into 11 equivalence classes.
It has 9 one-dimensional irreducible representations 1i(i = 1, ..., 9) and 2 three-dimensional
ones 3 and 3¯. Its character table and the 27 defining 3 × 3 matrices are given in Ref. [12].
Its group multiplication rules are
3× 3 = 3¯+ 3¯+ 3¯, and 3× 3¯ =
9∑
i=1
1i, (4)
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where
11 = 11¯ + 22¯ + 33¯, 12 = 11¯ + ω22¯ + ω
233¯, 13 = 11¯ + ω
222¯ + ω33¯, (5)
14 = 12¯ + 23¯ + 31¯, 15 = 12¯ + ω23¯ + ω
231¯, 16 = 12¯ + ω
223¯ + ω31¯, (6)
17 = 21¯ + 32¯ + 13¯, 18 = 21¯ + ω
232¯ + ω13¯, 19 = 21¯ + ω32¯ + ω
213¯, (7)
with ω = exp(2πi/3), i.e. 1 + ω + ω2 = 0.
Let the lepton doublets (νi, li) as well as singlets l
c
i transform as 3 under ∆(27), then
with three Higgs doublets (φ0i , φ
−
i ) also transforming as 3, the charged-lepton mass matrix
is of the form
Ml =


h1v1 h2v3 h3v2
h3v3 h1v2 h2v1
h2v2 h3v1 h1v3

 . (8)
As shown in Ref. [15], if v1 = v2 = v3, this is also form diagonal, i.e.
Ml = UL


(h1 + h2 + h3)v 0 0
0 (h1 + h2ω + h3ω
2)v 0
0 0 (h1 + h2ω
2 + h3ω)v

U †R, (9)
where UL = UR is the familiar
Uω =
1√
3


1 1 1
1 ω ω2
1 ω2 ω

 , (10)
first introduced by Cabibbo [16] and Wolfenstein [17].
At the same time, with three Higgs triplets (ξ++, ξ+, ξ0) transforming as 3, the Majorana
neutrino mass matrix is of the same form as Eq. (8) but it has to be symmetric, i.e.
Mν =


f1u1 f2u3 f2u2
f2u3 f1u2 f2u1
f2u2 f2u1 f1u3

 . (11)
In this basis, the condition for tribimaximal mixing is u2 = u3 = 0, but then the mass
eigenvalues become m1 = f1u1, m2 = f2u1, and m3 = −f2u1, which are of course not
3
realistic. On the other hand, this represents a symmetry limit, and small deviations from
it will allow the masses to be different, correlated with changes in the mixing angles from
those of tribimaximal mixing. In the following, it is shown how present data will predict
mee = 0.14 eV in the context of this model.
Given the form of Eq. (11), let it be rewritten as
Mν =


λd f e
f λe d
e d λf

 = U2


d+ λ(e+ f)/2 (e + f)/
√
2 λ(−e + f)/2
(e + f)/
√
2 λd (e− f)/√2
λ(−e+ f)/2 (e− f)/√2 d− λ(e+ f)/2

UT2 , (12)
where
U2 =


1 0 0
0 1/
√
2 −1/√2
0 1/
√
2 1/
√
2




0 1 0
1 0 0
0 0 i

 =


0 1 0
1/
√
2 0 −i/√2
1/
√
2 0 i/
√
2

 , (13)
then U3 of Eq. (2) is obtained from Uω of Eq. (10) and the above, i.e. U3 = U
†
ωU2. This
means that tribimaximal mixing is approximately obtained provided that e, f << d.
To obtain ∆m2sol << ∆m
2
atm, set
d+
λ
2
(e+ f) = −λd+ δ, (14)
where δ > 0 is small and λd > 0 has been assumed. Then
m1,2 =
δ
2
∓m0, (15)
where m0 > 0 with
m20 =
(
λd− δ
2
)2
+
2
λ2
[(1 + λ)d− δ]2. (16)
Hence
m22 −m21 = 2δm0 > 0, (17)
and
m23 −m20 =
2d2
λ2
(λ2 − 1)(2λ+ 1). (18)
4
The new θ12 is now given by
tan θ12 ≃ 1√
2
[
1 +
3
2
(
1 + λ
λ2
)]
≃ 1√
2
[
1 +
3ǫ
2
]
, (19)
where λ = −1 + ǫ has been used. Using the experimental central value of 0.45 for tan2 θ12,
ǫ ≃ −0.034 (20)
is obtained. Since m23 −m20 ≃ 4ǫd2, this means that an inverted ordering of neutrino masses
is predicted. Furthermore, since mee ≃ |d|, the experimental central value of 2.7 × 10−3 eV
for |∆m2atm| implies
mee =
∣∣∣∣∣∆m
2
atm
4ǫ
∣∣∣∣∣
1/2
= 0.14 eV. (21)
If tan2 θ12 = 0.4 is used instead, then mee = 0.1 eV.
As for θ13, it is given here by
sin θ13 ≃ (
√
2 sin θ12 − cos θ12)
(
e− f
2d
)
≃ −0.02
(
e− f
d
)
. (22)
Since only (e+ f)/d ≃ 2ǫ has been determined, there is no prediction for θ13 in this model.
In conclusion, the family symmetry ∆(27) has been discussed in a simple model as the
origin of the observed mixing pattern of neutrinos. It is able to describe present data and
has a specific prediction of the effective neutrino mass, i.e. 0.14 eV, in neutrinoless double
beta decay.
This work was supported in part by the U. S. Department of Energy under Grant No.
DE-FG03-94ER40837.
References
[1] W. M. Fairbairn, T. Fulton, and W. H. Klink, J. Math. Phys. 5, 1038 (1964).
[2] E. Ma and G. Rajasekaran, Phys. Rev. D64, 113012 (2001).
5
[3] K. S. Babu, E. Ma, and J. W. F. Valle, Phys. Lett. B552, 207 (2003).
[4] E. Ma, Phys. Rev. D70, 031901(R) (2004).
[5] G. Altarelli and F. Feruglio, Nucl. Phys. B720, 64 (2005).
[6] K. S. Babu and X.-G. He, hep-ph/0507217.
[7] E. Ma, Mod. Phys. Lett. A22, 101 (2007).
[8] Other references may be found in E. Ma, arXiv:0705.0327 [hep-ph].
[9] P. F. Harrison, D. H. Perkins, and W. G. Scott, Phys. Lett. B530, 167 (2002).
[10] For a recent review, see for example M. C. Gonzalez-Garcia and M. Maltoni,
arXiv:0704.1800 [hep-ph].
[11] G. C. Branco, J.-M. Gerard, and W. Grimus, Phys. Lett. 136B, 383 (1984).
[12] E. Ma, Mod. Phys. Lett. A21, 1917 (2006).
[13] I. de Medeiros Varzielas, S. F. King, and G. G. Ross, Phys. Lett. B648, 201 (2007).
[14] See for example F. T. Avignone III, S. R. Elliott, and J. Engel, arXiv:0708.1033 [nucl-
ex].
[15] E. Ma, Mod. Phys. Lett. A39, 2931 (2006).
[16] N. Cabibbo, Phys. Lett. B72, 333 (1978).
[17] L. Wolfenstein, Phys. Rev. D18, 958 (1978).
6
